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Abstract In this paper, we consider the p-ary functions from Fnp to Fp, where p is an odd
prime. We characterize the subspace sum concept (depending upon the derivative) and give
many of its properties. In particular, we show that the subspace sum of p-ary functions with
respect to a subspace of Fnp is an affine invariant. Further, we construct two new classes of
p-ary bent functions, which do not contain one another.
Keywords Subspace sum · p-ary bent functions · Affine invariance
Mathematics Subject Classification (2010) 06E30 · 94C10
1 Introduction
Rothaus introduced the notion of bent Boolean functions concept in the 1960’s, although
his paper was not published until ten years later [22]. Bent functions are of interest since
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they are maximum Hamming distance away from the set of affine functions and have very
nice combinatorial properties. Several classes of bent functions were constructed by Dillon
[9], Rothaus [22], and Dobbertin [10]. Carlet [4] constructed two (so-called D, C) classes
of bent Boolean functions by modifying the Maiorana–McFarland bent functions. Kumar et
al. [17] introduced the concept of generalized bent functions f : Znq → Zq , where q > 1
is a positive integer and gave constructions for every possible q and n, except when n is
odd and q ≡ 2 (mod 4). Later, generalized bent functions over the finite field were studied
by Ambrosimov [1]. There has been a renewed interest in this area, with new construc-
tions being displayed, characterizations, and even connecting them to certain combinatorial
objects such as partial difference sets, strongly regular graphs, association schemes and
orthogonal frequency-division multiplexing (OFDM) (see [7, 15, 21, 23, 24]). For efficient
wireless communication, generalized bent functions are used for large signal sets with low
maximum crosscorrelation [11, 12, 16, 20, 26]. In 2006, Helleseth et al. [13] identified
some monomial and quadratic bent functions over the finite fields of odd characteristic. In
2012, Budaghyan et al. [3] found some non-quadratic p-ary bent functions which do not
belong to the complete p-ary Maiorana–McFarland class and proved that the complete p-
ary Maiorana–McFarland class does not cover all quadratic bent functions, which is not the
case in the characteristic two environment.
The rest of this article is organized as follows. In Section 1, some basic definitions and
known results related to p-ary function, group algebra and generalized Reed–Muller code
are given. In Section 2.1, we introduce the subspace sum concept (depending upon the
derivative) and give many of its properties. In Section 2.2, we construct two new classes
of p-ary bent functions (so-called Dp , Dp0 and Cp), which do not contain one another. In
Section 2.3, we investigate conditions on Cp classes of bent functions for two classes of
permutations and suitable linear subspaces of dimension ≤ 2 for p = 3.
1.1 Preliminary results
Let Fp and Fpn be the prime field of characteristic p and the extension field of degree n
over Fp, respectively. Let Fnp be the vector space of all n-tuples of elements of Fp , i.e.,
Fnp = {x = (x1, x2, . . . , xn) : xi ∈ Fp, i = 1, 2, . . . , n}, with the usual operations. Any
x ∈ Fpn can be written as
x = c1x1 + c2x2 + · · · + cnxn,
where xi ∈ Fp , 1 ≤ i ≤ n and c = {c1, c2, . . . , cn} is a basis of Fpn over Fp. A function
from Fnp to Fp (or, equivalently from Fpn to Fp) is called a p-ary function (also called a
generalized function) in n variables. The set of all p-ary functions in n variables is denoted
by Bpn . For p = 2, we obtain the classical Boolean functions, whose set is denoted by Bn.
Any f ∈ Bpn can be uniquely expressed [14] as a polynomial in Fp[x1, x2, . . . , xn]/⟨xp1 −
x, . . . , x
p
n − x⟩ of the form












where µa ∈ Fp . The algebraic degree of f , denoted by deg(f ), is defined as deg(f ) =
maxa∈Fnp
{∑n
i=1 ai : µa ̸= 0
}
, where a = (a1, . . . , an) ∈ Fnp, the sum being over Z, the
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ring of integers. The generalized Walsh–Hadamard transform of a function f ∈ Bpn at





where ζ = e
2π i
p is the complex pth root of unity and a · x denotes an inner product on Fnp .
According to [17], a function f ∈ Bpn is called a p-ary bent function if
|Hf (a)| = p
n
2 for all a ∈ Fnp.
A p-ary bent function f is called regular (see [17, Definition 3] and [14, page 576]) if
Hf (a) = p
n
2 ζ f̃ (a) for all a ∈ Fnp , where f̃ ∈ Bpn . Here f̃ is called the dual of f . It is
known that a function f ∈ Bpn is a p-ary bent function [17, page 96] if for any nonzero
a ∈ Fnp , the (autocorrelation) sum
∑
x∈Fnp
ζ f (x+a)−f (x) = 0.
The group of all invertible Fp-linear transformations on Fnp is denoted by GL(n,Fp).
Two p-ary functions f, g ∈ Bpn are said to be affine equivalent if and only if there exist
A ∈ GL(n,Fp) and b ∈ Fnp such that g(x) = f (xA+ b) for all x ∈ Fnp . The affine general
linear group AGL(n,Fp) consists all the elements of the form (A, b) ∈ GL(n,Fp) × Fnp .
Two p-ary functions f, g ∈ Bpn are said to be equivalent if and only if there exist (A, b) ∈
AGL(n,Fp), u ∈ Fnp and ε ∈ Fp such that
g(x) = f (xA+ b)+ u · x + ε for all x ∈ Fnp.





g, where xg ∈ Fp.
For any x, y ∈ A and c ∈ Fp, addition and scalar multiplication can be defined as
x + y = ∑g∈Fnp xgX
g + ∑g∈Fnp ygX
g = ∑g∈Fnp zgX
g, where zg = xg + yg ∈ Fp
and cx = c∑g∈Fnp xgX
g = ∑g∈Fnp (cxg)X
g = ∑g∈Fnp wgX
g, where wg = cxg ∈ Fp.
Using the polynomial multiplication XgXh = Xg+h, the multiplication in the group algebra
A is defined by









Note that X0 is the multiplicative unit of A as X0a = aX0 = a for all a ∈ A. Consider the








xg for all x ∈ A.
Then the set P = {x ∈ A : ψ(x) = 0} = {x ∈ A : ∑g∈Fnp xg = 0} is the unique maximal
ideal of A, and
A = P0 ⊃ P ⊃ P2 ⊃ . . . ⊃ Pn(p−1) = Fp,
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where P iPj = P i+j and Pn(p−1)+1 = {0}. A p-ary function f ∈ Bpn can be
identified with a codeword &f =
∑
g∈Fnp f (g)X
g of length pn consisting of all
values of f (x), x ∈ Fnp. The support of &f , denoted by supp(&f ), is defined by
supp(&f ) = {x ∈ Fnp : f (x) ̸= 0}. The generalized Reed–Muller code, Rp(r, n), is the
set of codewords &f , where f ∈ Bpn and deg(f ) ≤ r , 0 ≤ r ≤ n(p − 1). If f ∈ Bpn with
deg(f ) = r , then &f is in Pn(p−1)−r . Further, we refer to [2].
The derivative of f ∈ Bpn with respect to a ∈ Fnp , denoted by Daf , is defined by
Daf (x) = f (x + a) − f (x) for all x ∈ Fnp.
The kth order derivative of f ∈ Bpn with respect to u1, u2, . . . , uk ∈ Fnp is defined by
Du1,u2,...,uk f (x) = Du1Du2 . . . Dukf (x) for all x ∈ Fnp. If u1 = u2 = . . . = uk =: u, for
easy easiness, we write Dkuf (x) in lieu of DuDu . . .Du︸ ︷︷ ︸
k−times
f (x).
In what follows, p denotes an (arbitrary, but fixed) odd prime number. Let a, b ∈ Fnp and
E be a linear subspace of Fnp. It is known that
∑
x∈a+E
ζ b·x = ζ a·b|E|φE⊥(b),
where ζ = e
2π i
p is the pth complex root of unity and φE⊥(b) = 1 if b ∈ E⊥, otherwise 0.
Theorem 1 ([17, Theorem 1]) Let m = 2n and f : Fnp × Fnp → Fp be a p-ary function of
the form
f (x, y) = x · π(y)+ g(y),
where π is an arbitrary permutation polynomial over Fnp and g ∈ Bpn . Then f is a regular
bent function and the dual of f is f̃ (x, y) = y · π−1(x)+ g(π−1(x)) (see [8]).
The bent functions defined as in Theorem 1 are called p-ary Maiorana–McFarland bent
functions and their set is denoted by Mp .
Definition 2 A class of bent functions is said to be complete if it is globally invariant under
the action of the general affine group and under the addition of affine functions.
In the binary case, the completed Maiorana–McFarland class contains all quadratic bent
functions which are the simplest and best understood. However, this does not hold in the
p-ary case, p ≥ 3.
Lemma 3 ([4, Generalization of Lemma 1]) Let E be any linear subspace of Fnp and f ∈
Bpn be a regular bent function. Then, for any a, b ∈ Fnp, we have
∑
x∈−a+E




where ζ = e
2π i
p is the pth complex root of unity and f̃ is the dual of f .
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Suppose a = b = 0 and dimE = n2 (dimE denotes the dimension of a vector space E).
From Lemma 3, we get ∑
x∈E




Therefore, if the restriction f/E of f to E is i, then also the restriction f̃/E⊥ of f̃ to E
⊥ is
i, where i ∈ {0, 1, . . . , p − 1}.
We now state the generalization (due to Charpin [5, 6]) of Berman’s Theorem.
Theorem 4 ([2, Theorem 5.19]) Let Rp(r, n) be generalized Reed–Muller codes, where
0 ≤ r ≤ n(p − 1). ThenRp(r, n) is equal to Pn(p−1)−r .
Let t = k(p − 1), where k is a positive integer. From [2, Corollary 4.12], we know that
P t is a subspace generated by the codewords whose support is a k-dimensional subspace
of Fnp .
2 Main results
In this section, we define the subspace sum (denoted by SV f ) of a p-ary function f ∈ Bpn
with respect to a subspace V of Fnp and prove that if f, g ∈ Bpn are affine equivalent, then
so are SV f and SV g. Further, we extend to characteristic p > 2 a binary result of Dil-
lon [9], concerning the vanishing subspace sum of any Maiorana–McFarland bent functions.
Budaghyan at el. [3, Proposition 1] proved that if f ∈ Bpn belongs to the complete p-ary
Maiorana–McFarland class, then there exists a subspace of Fnp with dimension n2 such that
all second derivatives vanishes, where n is even. We also derive a necessary condition for
p-ary Maiorana–McFarland bent functions using the subspace sum.
In the binary case, the kth order derivative of a Boolean function f ∈ Bn with respect
to a1, a2, . . . , ak ∈ Fn2 is same as the sum of the values of f on the coset x + V , where V
is a k-dimensional subspace generated by a1, a2, . . . , ak . However, if p ≥ 3 and f ∈ Bpn ,
the above two quantities may be different. Prompted by this observation, we introduce and
study the subspace sum concept and its connection to affine invariance.
2.1 The subspace sum of a function
Let f ∈ Bpn and V be any k-dimensional subspace of Fnp. Then, there exist k linearly
independent elements a1, a2, . . . , ak ∈ Fnp such that
V = ⟨a1, a2, . . . , ak⟩ = {a ∈ Fnp : a =
∑k
i=1 ciai, where ci ∈ Fp, 1 ≤ i ≤ k}.
Definition 5 The subspace sum of f ∈ Bpn with respect to a subspace V of Fnp is a p-ary
function SV f , defined by
SV f (x) =
∑
v∈V
f (x + v) for all x ∈ Fnp.
More precisely, SV f (x) is the sum of the values of f on the coset x +V which depends
on V , not only on the dimension of V . The functions SV1f and SV2f may be different even
though the dimensions of two distinct subspaces V1 and V2 of Fnp are equal. For example,
V1 = ⟨(1, 0, 0)⟩, V2 = ⟨(0, 1, 0)⟩ and f ∈ B33 be defined as f (x1, x2, x3) = x21x2, for
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all xi ∈ F3, 1 ≤ i ≤ 3. Then SV1f (x1, x2, x3) = 2x2 and SV2f (x1, x2, x3) = 0, for all
xi ∈ F3, 1 ≤ i ≤ 3.
Lemma 6 Let f ∈ Bpn and V = ⟨a⟩ be a one dimensional subspace of Fnp generated by a,
and j ∈ Fp . Then SV f (x) = SV f (x + ja), for all x ∈ Fnp . Further, if 0 < k ≤ p, then for









f (x + (k − i)a) for all x ∈ Fnp. (1)
Further, if k = p, then Dkaf (x) = 0.
Proof The result can be shown by a direct computation or by applying Newton’s binomial
formula to Da = sa − I (I is the identity operator and saf (x) = f (x + a)).
Theorem 7 Let V = ⟨a⟩ be an arbitrary one dimensional subspace of Fnp generated by a
and f ∈ Bpn . Then
SV f (x) = Dp−1a f (x) for all x ∈ Fnp.
Furthermore, for any r ∈ {0, 1, 2, . . . , p − 1}
rSV f (x) = DraDp−2a f (x) for all x ∈ Fnp.
Moreover, if V = ⟨a1, a2, . . . , ak⟩ be a k-dimensional subspace of Fnp generated by
a1, a2, . . . , ak and f ∈ Bpn . Then
SV f (x) = Dp−1a1 . . . D
p−1
ak f (x) for all x ∈ Fnp.





≡ (−1)i (mod p),
where p is an odd prime and 0 ≤ i ≤ p − 1, we get the first claim.
Let r ∈ {0, 1, 2, . . . , p−1} and V = ⟨a⟩ be an one dimensional subspace of Fnp . Suppose




a f (x) = Drag(x) = g(x + ra) − g(x)
= g(x + ra) − g(x + (r − 1)a)+ · · · + g(x + a) − g(x)
= Dag(x + (r − 1)a)+Dag(x + (r − 2)a)+ · · · +Dag(x)
= SV f (x + (r − 1)a)+ SV f (x + (r − 2)a)+ · · · + SV f (x)
= SV f (x)+ SV f (x)+ · · · + SV f (x) (sum with r terms)
= rSV f (x).
To show the last claim, without loss of generality, let Vr = ⟨a1, a2, . . . , ar ⟩, 1 ≤ r ≤ k,
be an r-dimensional subspace of Fkp and for r = k, Vk = V . The result is true for k = 1, so
we now let k = 2. Let
g(x) = Dp−1a2 f (x) =
p−1∑
i2=0
f (x + i2a2) for all x ∈ Fnp.

















f (x+i2a2+i1a1) = SV2f (x).
We now assume that the result is true for k = r , that is, for all x ∈ Fnp,
SVr f (x) = Dp−1a1 . . . D
p−1












a1 . . . D
p−1
ar f (x) =
∑p−1
ir+1=0 SVr f (x + ir+1ar+1)
= ∑p−1ir+1=0
∑p−1
i1=0 . . .
∑p−1
ir=0 f (x + ir+1ar+1 + irar + . . .+ i1a1) = SVr+1f (x),
and the theorem is shown.
As an example, let p = 3 and V be an one dimensional subspace generated by a ∈ Fn3.
Then
SV f (x) = f (x + 2a)+ f (x + a)+ f (x) = DaDaf (x)
2SV f (x) = 2DaDaf (x) = D2aDaf (x) = DaD2af (x).
Proposition 8 Let V be a k-dimensional subspace of Fnp generated by a1, a2, . . . , ak .
















g = ∑g∈Fnp f (g)X
g+a = ∑g∈Fnp f (g − a)X
g.













v∈V f (g + v)
)
Xg
= ∑g∈Fnp SV f (g)X
g = &SV f = &h.
Proposition 9 Let V be a k-dimensional subspace of Fnp and f ∈ Bpn of degree r . Then the
degree of SV f is less than or equal to r − k(p − 1). In particular, the subspace sum of f
with respect to any one dimensional subspace of Fnp has degree at most r − p + 1.
Proof Let V be a k-dimensional subspace generated by a1, a2, . . . , ak ∈ Fnp and let y =∑
v∈V X











Cryptogr. Commun. (2019) 11:77–92 83
Author's personal copy
Further, y is a minimum codeword of Pk(p−1). Since f ∈ Bpn is of degree r . Then
&f is in Pn(p−1)−r , which does not depends on y. Thus, the codeword y&f is in
Pk(p−1)Pn(p−1)−r = Pn(p−1)−r+k(p−1), which is {0} for r ≤ k(p − 1) − 1. When
r = k(p − 1)+d, d≥ 0, the degree of SV f is at most d= r − k(p − 1).
Theorem 10 Let m = 2n and f be a p-ary Maiorana–McFarland bent function defined as
in Theorem 1. Then there exists an n-dimensional subspace E of Fnp × Fnp such that:
(i) the subspace sum of f with respect to any one dimensional subspace of E is 0 if p is
odd.
(ii) the subspace sum of f with respect to any two dimensional subspace of E is 0 if
p = 2.
Proof Let V be a subspace of Fnp × Fnp . The subspace sum of f with respect to V is
SV f (x, y) =
∑
(u,v)∈V
f (x + u, y + v) = ∑
(u,v)∈V
((x + u) · π(y + v)+ g(y + v)) . (2)
Let v = 0. Then V is a subspace of E = Fnp × {0} and from (2), we get
SV f (x, y) =
∑
(u,0)∈V
(x + u) · π(y)+ |V |g(y) = ∑
(u,0)∈V
(x + u) · π(y).
Let p be an odd prime and V = ⟨(a, 0)⟩ be an one dimensional subspace of E. Then
SV f (x, y) = p
(




· π(y) = 0 for all (x, y) ∈ Fnp × Fnp.
Let p = 2 and V = ⟨(a, 0), (c, 0)⟩ be a two dimensional subspace of E, then
SV f (x, y) = 0 for all (x, y) ∈ Fnp × Fnp.
If p = 2, then the subspace sum of a Boolean function with respect to a k-dimensional
subspace is same as its kth order derivative, and therefore our previous theorem naturally
extends the binary case. Next, we generalize a result of Dillon [9].
Theorem 11 Let f ∈ Bpn and Sk [f ] denote the multiset of subspace sum of f with respect
to each k-dimensional subspace of Fnp. If f, h ∈ Bpn are affine equivalent, then so are Sk [f ]
and Sk [h]. Precisely, if a nonsingular affine transformation A (operating on Fnp) maps f
onto h, then it also maps Sk [f ] onto Sk [h].
Proof Suppose that, h(x) = f (xA+ b) for all x ∈ Fnp , where A ∈ GL(n,Fp) and b ∈ Fnp .
Let E be an arbitrary k-dimensional subspace of Fnp . For all x ∈ Fnp
SEh(x) =
∑
a∈E h(x + a) =
∑
a∈E f (xA+ aA+ b)
= ∑a∈E f (xA+ b + aA) =
∑
c∈E1 f (xA+ b + c), where E1 = {c : c = aA, a ∈ E}= SE1f (xA+ b),
since the maps a −→ aA is a permutation of the k-dimensional subspace E of Fnp . The
theorem is shown.
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Corollary 12 If P is any affine invariant for Bpn , then
f −→ P {Sk [f ]}
is also an affine invariant for Bpn .
Helleseth and Kholosha [13] verified the following fact by computer calculations, how-
ever, proving this result theoretically and probably finding the whole class of similar
functions remains an open problem.
Fact 13 ([13, Fact 1]) Any ternary function f from F36 to F3 of the form
f (x) = T r61 (α7x98)
is bent and not weakly regular bent, where α is a primitive element of F36 .
Theorem 14 The function f ∈ B36 defined as in Fact 13 does not belong to the complete
Mp class.
Proof Let f be equivalent to a function from class Mp . From Theorem 10, there exists a
3-dimensional subspace E of F36 such that the subspace sum of f with respect to any one
dimensional subspace of E is 0. Let V = ⟨a⟩, where a ∈ F∗36 . Then
SV f (x) = f (x)+ f (x+ a)+ f (x+ 2a) = T r61 (α7(x98 + (x+ a)98 + (x+ 2a)98)). (3)
The 3-ary representation of 98 is (0, 1, 0, 1, 2, 2) as 98 = 34 + 32 + 2 · 3 + 2. Thus, all the
monomials in (x + a)98 are of the form xd with
d= (0, d4, 0, d2, d1, d0), (4)
where d4, d2 ∈ {0, 1} and d1, d0 ∈ {0, 1, 2}. The coefficient of the monomial x2·3+2 in
(x + a)98 is a34+32 . Thus, the coefficient of the monomial x2·3+2 in (3) is
α7(a3
4+32 + (2a)34+32) = (1 + 234+32)α7a34+32 = 2α7a34+32
as 23
4+32 ≡ 1 (mod 3). Since 3i (2 · 3 + 2) ̸≡ 2 · 3 + 2 (mod 728) for all 1 ≤ i ≤ 5. It
is also obvious that 3id ̸≡ (0, 0, 0, 0, 2, 2) (mod 728) for all 1 ≤ i ≤ 5, where ddefined
as in (4) with d ̸= (0, 0, 0, 0, 2, 2). If SV f (x) = 0 for all x ∈ F36 , then all coefficients
of monomials in (3) must equal 0, and therefore 2α7a3
4+32 = 0, which is a contradiction.
Thus, there cannot be a 3-dimensional subspace E of F36 , such that the subspace sum of f
with respect to any one dimensional subspace of E is 0.
2.2 The construction ofDp,Dp0 and Cp classes of bent functions
In [4], Carlet constructed two (so-called D, C) classes of bent Boolean functions by modify-
ing the Maiorana–McFarland bent function and a generalized bent function over a modulus
ring in the following way. Let q be any even positive integer and Zq be the ring of integers
modulo q. Let E be any subgroup of order qn of Znq × Znq and π be any permutation on Znq
such that x ·π(y) = 0 for all (x, y) ∈ E. Then the function f : Znq ×Znq −→ Zq , defined as
f (x, y) = x · π(y)+ q2 φE(x, y), (5)
is bent.
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We modify this construction (for the environment in consideration) in our next theorem,
where we further show that the functions are also regular.
Theorem 15 LetE = E1×E2, whereE1, E2 ⊆ Fnp with dimE1+dimE2 = n and ε ∈ Fp .
The p-ary function f on Fnp × Fnp of the form
f (x, y) = x · π(y)+ εφE(x, y)
is a regular p-ary bent function, where π is a permutation polynomial over Fnp such that
π(E2) = E⊥1 .
Proof Let ζ = e
2π i
p be the complex pth root of unity. From Theorem 1, we have
∑
(x,y)∈Fnp×Fnp
ζ x·π(y)−a·x−b·y = pnζ−b·π−1(a) for all (a, b) ∈ Fnp × Fnp,
so











ζ x·π(y)−a·x−b·y + (ζ ε − 1) ∑
(x,y)∈E
ζ x·π(y)−a·x−b·y
= pnζ−b·π−1(a) + (ζ ε − 1) ∑
(x,y)∈E
ζ−a·x−b·y
= pn(ζ−b·π−1(a) + (ζ ε − 1)φE⊥(a, b)).
(6)
Let (a, b) ̸∈ E⊥. Then φE⊥(a, b) = 0, and we get
Hf (a, b) =
∑
(x,y)∈Fnp×Fnp
ζ f (x,y)−a·x−b·y = pnζ−b·π−1(a) = pnζ−b·π−1(a)+εφE⊥ (a,b). (7)
Let (a, b) ∈ E⊥. Then b · π−1(a) = 0 (by Lemma 3) and φE⊥(a, b) = 1, so
Hf (a, b) =
∑
(x,y)∈Fnp×Fnp
ζ f (x,y)−a·x−b·y = pnζ ε = pnζ−b·π−1(a)+εφE⊥ (a,b). (8)
From (6), (7) and (8), we infer
Hf (a, b) = pnζ−b·π
−1(a)+εφ
E⊥ (a,b) for all (a, b) ∈ Fnp × Fnp.
Therefore, f is a regular p-ary bent function.
Remark 16 The dual of f defined as in Theorem 15 is f̃ (x, y) = −y ·π−1(x)+εφE⊥(x, y)
for all (x, y) ∈ Fnp × Fnp, and the set of all such functions f is denoted by Dp.
Lemma 17 Let p be an odd prime and n = 2t be an even integer. Then for all x =







where E0 = {0} × Fnp.
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Proof We know that
φE0(x, y) =
{
1, if x = 0,
0, otherwise.










j=1 (0 − j) =
∏n
i=1(p − 1)! = 1 = ((p − 1)!)n = ((p − 1)!)2t , (9)




j=1(xi − j) = 1,
and the lemma is shown.
For the special case of Theorem 15, we let E1 = {0}, E2 = Fnp and E0 = {0} × Fnp ,
where n is even. Then the p-ary functions on Fnp × Fnp of the form




j=1 (xi − j)
is a regular p-ary bent function. This class of bent functions will be denoted by Dp0 and it
is a subclass of Dp . Observe that if f ∈ Dp0 is an m variables p-ary function, then m ≡ 0
(mod 4).
The next theorem surprisingly shows that Mp and Dp0 ⊆ Dp are overlapping classes,
but in general not included in one another.
Theorem 18 In general, Dp0 and Dp are not included in the class Mp. Further, the class
Mp is in general not included in Dp0 and Dp classes.
Proof Let f ∈ Dp written as
f (x, y) = x · π(y)+ εφE(x, y), (10)
with ε ∈ Fp , E = E1 × E2, where E1, E2 ⊆ Fnp of dimE1 + dimE2 = n and π is a
permutation over Fnp such that π(E2) = E⊥1 .
Assume that f ∈ Mp , and so, f can be expressed as
f (x, y) = x · π1(y)+ g(y), (11)
where π1 is a permutation over Fnp and g ∈ Bpn . Putting x = 0 in both (10) and (11), we get
g(y) = εφE(0, y), and so,
x · (π(y) − π1(y)) = ε(φE(0, y) − φE(x, y)). (12)
Observe now that the left hand side of (12) is linear with respect to the variable x, as opposed
to the right hand side of (12) which may not be linear with respect to the variable x (by
choosing a suitable nonlinear function φE(x, y) and ε ̸= 0). Thus, in general, the classes
Dp0 and Dp are not included in class Mp .
For example, if p = 3 and n = 4, we let f : F43 × F43 → F3,
f (x, y) = x · π(y)+ ε(x1 − 1)(x1 − 2)(x2 − 1)(x2 − 2)(x3 − 1)(x3 − 2)(x4 − 1)(x4 − 2),
where x = (x1, x2, x3, x4), y = (y1, y2, y3, y4) ∈ F43 and ε ∈ F3. The previous nonlinearity
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condition on φE(0, y)− φE(x, y) is obviously satisfied, and so f ∈ Dp0 does not belong to
Mp .
Conversely, let f ∈ Mp, and assume that it also belongs to Dp . Thus, for all (x, y) ∈
Fnp × Fnp
f (x, y) = x · ψ(y)+ g(y) = x · ψ1(y)+ εφE(x, y),
where ψ and ψ1 are permutations over Fnp and E = E1 × E2, where E1, E2 ⊆ Fnp of
dimE1 + dimE2 = n and ψ1(E2) = E⊥1 . Then g(y) = εφE(0, y) ∈ {0, ε} for all y ∈ Fnp ,
that is, the range set of g contain at most two distinct elements. Therefore, if the range set
of g contains at least three distinct elements, the corresponding Mp function f does not
belong to Dp, and our theorem is shown.
Recall the following result of Carlet [4] introducing the C class of bent functions.
Theorem 19 ([4, Corollary 4]) Let L be a linear subspace of Fn2 and π be any permutation
on Fn2 such that for any element λ of F
n
2 , the set π
−1(λ + L) is a flat. The function f on
Fn2 × Fn2 defined by
x · π(y)+ φL⊥(x)
is bent.
We now generalize Carlet’s result.
Theorem 20 Let L be any linear subspace of Fnp and π be any permutation on Fnp, such
that for any element λ of Fnp, the set π−1(λ + L) is a flat. Then the function f on Fnp × Fnp ,
defined by
f (x, y) = x · π(y)+ εφL⊥(x),
where ε ∈ Fp , is a p-ary bent function.
Proof Let E = L⊥ × Fnp . For any (a, b) ∈ Fnp × Fnp ,
















ζ x·π(y)−a·x−b·y + (ζ ε − 1) ∑
(x,y)∈L⊥×Fnp
ζ x·π(y)−a·x−b·y
= pnζ−b·π−1(a) + (ζ ε − 1)|L⊥| ∑
x∈a+L
ζ−b·π










Let E1 = {π−1(a + u) : u ∈ L}. Since π−1(a +L) is a flat for all a ∈ Fnp . If b /∈ E⊥1 , then∑
x∈π−1(a+L)
ζ−b·x = 0, and from (13), we get
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ζ−b·x = |L|. From (13) we get





Therefore, from (13), (13) and (14) we get




for all (a, b) ∈ Fnp × Fnp,
and the theorem is shown.
The class of bent functions defined as in Theorem 20 will be denoted by Cp. If L = Fnp ,
the class Cp contains the class Dp0 , and so, also Cp is not included in the Mp class.
2.3 Existence and nonexistence of C3 class bent functions
For the construction of p-ary bent functions defined as in Theorem 20, one needs to consider
a permutation polynomial π on Fnp such that π−1(a + L) is a flat for any a ∈ Fnp. In [18],
Mandal et al. derived some existence and nonexistence results concerning the bent functions
in the C class for many of the known classes of permutations over F2n . We investigate below
these conditions for two classes of permutations and suitable linear subspaces of dimension
less than or equal to 2, for p = 3.
Lemma 21 Let u1, u2, u3 ∈ Fn3 . A set L = {u1, u2, u3} is flat of Fn3 of dimension ≤ 1 if
and only if u1 + u2 + u3 = 0.
Proof If L is a subspace, without loss of generality, we may assume that L = {0, u1, 2u1},
which satisfies 0 + u1 + 2u1 = 0. Conversely let L = {u1, u2, u3} with u1 + u2 + u3 = 0,
i.e., u3 = 2u1 + 2u2. It follows that 2u1 +L = {0, u2 + 2u1, u1 + 2u2} = ⟨u1 + 2u2⟩. The
lemma is proved.
Theorem 22 Consider the permutation polynomial over F34 , φ(x) = x + x17 [25]. Then
there is no 1-dimensional subspace L of F34 such that φ(a + L) is flat for all a ∈ F34 .
Proof Let L = {0, u, 2u}, u ∈ F∗34 . Then for any a ∈ F34 , φ(a + L) is flat if and only if
φ(a)+ φ(a + u)+ φ(a + 2u) = 0 ⇐⇒ a17 + (a + u)17 + (a + 2u)17 = 0
⇐⇒ 2a15u2 + 2a13u4 + 2a11u6 + 2a9u8 + a7u10 + a5u12 + a3u14 + au16 = 0. (15)
Equation (15) holds for all a ∈ F34 if and only if u=0, which contradicts dimL=1.
Remark 23 We can certainly construct functions in C3. For example, consider the permu-
tation polynomial φ(x) = x + 1 over F34 [19, Theorem 1.1]. Then for any 1-dimensional
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subspace L of F34 , φ(a + L) is flat for all a ∈ F34 , since, for L = {0, u, 2u}, u ∈ F∗34 ,
then φ(a) + φ(a + u) + φ(a + 2u) = 0, for all a ∈ F34 . If L = ⟨u, v⟩ is a 2-dimensional
subspace of F34 × F34 and a ∈ F34 , then
φ(a + L) = {φ(a),φ(a + u),φ(a + v),φ(a + u+ v),φ(a + 2u),φ(a + 2v),
φ(a + 2u+ v),φ(a + u+ 2v),φ(a + 2u+ 2v)} = 1 + a + L.
Theorem 24 Let φ be a permutation polynomial defined as in [25] on F34 of the form
φ(x) = x(x16 + 1) = x17 + x.
Then, there is no 2-dimensional subspace L = ⟨u, v⟩ such that φ(a + L) is flat for all
a ∈ F34 .
Proof Let a ∈ F34 . If φ(a + L) is a flat, then
φ(a)+ φ(a + u)+ φ(a + v)+ φ(a + u+ v)+ φ(a + 2u)+ φ(a + 2v)
+φ(a + 2u+ v)+ φ(a + u+ 2v)+ φ(a + 2u+ 2v) = 0. (16)
The linear part of (16) certainly sums to 0. Furthermore,
(a + u)17 = a17 + 2a16u+ a15u2 + 2a14u3 + a13u4 + 2a12u5 + a11u6 + 2a10u7 + a9u8
+a8u9 + 2a7u10 + a6u11 + 2a5u12 + a4u13 + 2a3u14 + a2u15 + 2au16 + u17,
(a + v)17 = a17 + 2a16v + a15v2 + 2a14v3 + a13v4 + 2a12v5 + a11v6 + 2a10v7 + a9v8
+a8v9 + 2a7v10 + a6v11 + 2a5v12 + a4v13 + 2a3v14 + a2v15 + 2av16 + v17,
(a + u+ v)17 = a17 + 2a16(u+ v)+ a15(u+ v)2 + 2a14(u+ v)3 + a13(u+ v)4
+2a12(u+ v)5 + a11(u+ v)6 + 2a10(u+ v)7 + a9(u+ v)8 + a8(u+ v)9 + 2a7(u
+v)10 + a6(u+ v)11 + 2a5(u+ v)12 + a4(u+ v)13 + 2a3(u+ v)14 + a2(u+ v)15
+2a(u+ v)16 + (u+ v)17,
(a + 2u)17 = a17 + 2a16(2u)+ a15(2u)2 + 2a14(2u)3 + a13(2u)4 + 2a12(2u)5
+a11(2u)6 + 2a10(2u)7 + a9(2u)8 + a8(2u)9 + 2a7(2u)10 + a6(2u)11
+2a5(2u)12 + 2a3(2u)14 + a2(2u)15 + 2a(2u)16 + (2u)17,
(a + 2v)17 = a17 + 2a16(2v)+ a15(2v)2 + 2a14(2v)3 + a13(2v)4 + 2a12(2v)5
+a11(2v)6 + 2a10(2v)7 + a9(2v)8 + a8(2v)9 + 2a7(2v)10 + a6(2v)11
+2a5(2v)12 + a4(2v)13 + 2a3(2v)14 + a2(2v)15 + 2a(2v)16 + (2v)17,
(a + 2u+ v)17 = a17 + 2a16(2u+ v)+ a15(2u+ v)2 + 2a14(2u+ v)3 + a13(2u+ v)4
+2a12(2u+ v)5 + a11(2u+ v)6 + 2a10(2u+ v)7 + a9(2u+ v)8 + a8(2u+ v)9
+2a7(2u+ v)10 + a6(2u+ v)11 + 2a5(2u+ v)12 + a4(2u+ v)13 + 2a3(2u+ v)14
+a2(2u+ v)15 + 2a(2u+ v)16 + (2u+ v)17,
(a + u+ 2v)17 = a17 + 2a16(u+ 2v)+ a15(u+ 2v)2 + 2a14(u+ 2v)3
+a13(u+ 2v)4 + 2a12(u+ 2v)5 + a11(u+ 2v)6 + 2a10(u+ 2v)7 + a9(u+ 2v)8
+a8(u+ 2v)9 + 2a7(u+ 2v)10 + a6(u+ 2v)11 + 2a5(u+ 2v)12 + a4(u+ 2v)13
+2a3(u+ 2v)14 + a2(u+ 2v)15 + 2a(u+ 2v)16 + (u+ 2v)17,
(a + 2u+ 2v)17 = a17 + 2a16(2u+ 2v)+ a15(2u+ 2v)2 + 2a14(2u+ 2v)3
+a13(2u+2v)4+2a12(2u+2v)5 + a11(2u+2v)6 + 2a10(2u+2v)7 + a9(2u+ 2v)8
+a8(2u+2v)9 + 2a7(2u+2v)10 + a6(2u+2v)11 + 2a5(2u+2v)12 + a4(2u+2v)13
+2a3(2u+ 2v)14 + a2(2u+ 2v)15 + 2a(2u+ 2v)16 + (2u+ 2v)17.
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Adding all these equations, and collecting powers of a, we obtain
9a17 = 0,
2a16 (u+ v + (u+ v)+ 2u+ 2v + (2u+ v)+ (u+ 2v)+ (2u+ 2v)) = 0,
a15
(






























u8 + v8 + (u+ v)8 + (2u)8 + (2v)8 + (2u+ v)8 + (u+ 2v)8 + (2u+ 2v)8
)
= a9(u6v2 + u4v4 + u2v6),
a8
(

























u14 + v14 + (u+ v)14 + (2u)14 + (2v)14 + (2u+ v)14 + (u+ 2v)14 + (2u+ 2v)14
)
= 2a3(u12v2 + 2u10v4 + 2u4v10 + u2v10),
a2
(





u16 + v16 + (u+ v)16 + (2u)16 + (2v)16 + (2u+ v)16 + (u+ 2v)16 + (2u+ 2v)16
)
= 2a(2u12v4 + u10v6 + u6v10 + 2u4v12),
u17 + v17 + (u+ v)17 + (2u)17 + (2v)17 + (2u+ v)17 + (u+ 2v)17 + (2u+ 2v)17 = 0.
From (16), we get that if φ(a + L) is flat, then
a(u12v4 + 2u10v6 + 2u6v10 + u4v12)
+a3(2u12v2 + u10v4 + u4v10 + 2u2v10)+ a9(u6v2 + u4v4 + u2v6) = 0,
which is satisfied for all a ∈ F34 , only when u12v4 + 2u10v6 + 2u6v10 + u4v12 = 0,
2u12v2 + u10v4 + u4v10 + 2u2v10 = 0, u6v2 + u4v4 + u2v6 = 0. Since
u6v2 + u4v4 + u2v6 = 0 ⇐⇒ u4 + u2v2 + v4 = 0, as u, v ̸= 0
⇐⇒ (2u2 + v2)2 = 0 or (u2 + 2v2)2 = 0 ⇐⇒ u = v or u = 2v,
which is not possible as u and v are linearly independent.
3 Summary
In this paper we define and characterize the subspace sum concept for p-ary bent func-
tions, and derive its connection to affine invariance and vanishing properties for any p-ary
Maiorana–McFarland bent functions. Further, two new classes of p-ary bent functions,
Dp,Dp0 and Cp, are constructed, one of which, Dp , consists of p-ary regular bent func-
tions. Lastly, the existence and nonexistence of functions in the Cp class for two known
permutations and specific suitable subspaces is investigated.
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